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1 Introduction 

In 1982, in a famous paper m, R. Hamilton proved that in a 3 dimensional compact manifold, 
if the initial metric has positive Ricci curvature, then this positivity condition will be preserved 
under the Ricci flow. He showed that the underlying manifold must be diffeomorphic to the 
standard S 3 or its finite quotient. Following this paper, there are intensive active researches on 
Ricci flow, and many works are devoted to study when certain convex cones of curvature pinching 
condition is preserved by the Ricci flow. In EH, R. Hamilton proved that the positive curvature 
operator is preserved under the Ricci flow in all dimensions. H. ChenfS] further showed that, 
a weaker notion, that the sum of any two eigenvalues is positive, is preserved under the Ricci 
flow. In the Kahler setting, it is well known that the positive bisectional curvature is preserved 
under the Kahler Ricci flow through the work of S. Bando El f° r complex dimension n = 3, and 
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later N. Mok m for general dimension. Following the argument of N. Mok, in an unpublished 
work of Cao-Hamilton, they proved that the orthogonal bisectional curvature is preserved under 
the Kahler Ricci flow. There are other convex cones of curvature pinching conditions which are 
preserved, for instance f3j and na. A more complete reference on this topic can be found in M 

Analyzing the evolution equation (2.4) of the Ricci tensor, it is somewhat unfortunate that 
the parabolic Laplacian of the Ricci tensor involves the full sectional curvature. It is then 
not surprise that we only know the positivity of Ricci tensor is preserved in real dimension 2 
and 3 by the earlier work of R. Hamilton. A counter example to the possible extension of R. 
Hamilton’s result on Ricci tensor in high dimension seems to be difficult to construct. More 
recently, Ni Lei m constructed first counter example to this in Riemanninian setting where 
the positivity of Ricci curvature is not preserved by the Ricci flow. Very recently, Dan Knopf 
0 constructed similar counter example in the Kahler setting. However, both examples are in 
non-compact manifold. Therefore, it is still an open question whether or not positive Ricci 
curvature is preserved under the Ricci flow in the case of compact manifold. In particular, in 
the case of compact Kahler manifold, there might be some hope that some form of lower bound 
of Ricci curvature will be preserved in j2j where the first named author showed, along with other 
results 1 , that any metric with positive orthogonal bisectional curvature, even a negative lower 
bound of Ricci curvature, is preserved and improved under the Kahler Ricci flow. 

In a compact Kahler manifold X, the bisectional curvature tensor acts as a symmetric bi¬ 
linear form on the space of (1,1) form (which we will denote as A 1,1 (A)). Furthermore, this 
action (of traceless part of the bisectional curvature) preserves the traceless part of this space 
(which we will denote as Aq X (A)). In a recent paper by Phong-Sturm [T5], they observed that, 
the condition that the sum of any two eigenvalues of the traceless bisectional curvature operator 
is positive, is preserved under the Kahler Ricci flow in complex dimension 2. Note that this 
condition is different from the condition used by H. Chen, even though the main idea of proof 
is very similar. The main theorem they proved in m is that, if this curvature condition hold, 
then positive Ricci curvature will be preserved under the Kahler Ricci flow in complex surface. 
The proof there is complicated, largely due to the fact that the action of curvature operator in 
Aq 1 (X) is very complicated. 

The 2-positive traceless bisectional curvature is certainly different to the popular notion 
of positive bisectional curvature. For instance, when this curvature condition holds, the Ricci 
curvature might not be positive. In 0 s, the first named author and G. Tian studied the 
convergence of Kahler Ricci flow in Kahler Einstein manifold where the initial metric has positive 
bisectional curvature and showed that the Kahler Ricci flow must converges to the Fubni-Study 
metric exponentially over the flow. The present work can be viewed as a continuation of 0 0 
in the sense that the curvature condition is relaxed in some subtle way. However, this type of 
curvature condition was indeed studied first by H. Chen in 0. Following 0 m , we study 

Tn jB] , the first named author proved that, any irreducible Kahler manifold where the positive orthogonal 
bisectional curvature is preserved under the Kahler Ricci flow, must be biholomorphic to CP”. 
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systematically geometrical properties of this 2-positive traceless bisectional curvature operator 
on any Kahler manifold. Our first result is: 

Theorem 1.1 Let X be a compact Kahler manifold of dimension n > 2. Along the Kahler 
Ricci flow, we have 

1. If the initial metric has non-negative traceless bisectional curvature operator, then the 
evolved metrics also have non-negative traceless bisectional curvature operator. If it is 
positive at one point initially, then it is positive everywhere for all t > 0. 

2. If the initial metric has 2-non-negative traceless bisectional curvature operator, then the 
evolved metrics also have 2-non-negative traceless bisectional curvature. If it is positive at 
one point initially, then it is positive everywhere for all t > 0. 

Under either of these two conditions, the positivity of Ricci tensor is preserved under the Kahler 
Ricci flow. 

The relation of 2-positive traceless bisectional curvature with the notion of positive orthog¬ 
onal bisectional curvature is much more subtle. They are defined in a completely different 
manner and the action of bisectional curvature operator on the space of (1,1) forms is very 
complicated. It is hard to visualize what 2 positive traceless bisectional curvature really is. A 
somewhat surprising result we prove in this paper is that (c.f. Theorem 1.2 below) any Kahler 
metric which has 2-positive traceless bisectional curvature, must also have positive orthogonal 
bisectional curvature. The last part of the preceding theorem follows directly from the applica¬ 
tion of Hamilton’s maximal principle for tensors to the evolution equation of the Ricci tensor. 
Comparing to the main theorem in GH, our theorem is for all dimensional and our proof is 
simpler and more straightforward. 

Theorem 1.2 In a Kahler manifold with 2-non-negative traceless bisectional curvature opera¬ 
tor, then the orthogonal bisectional curvature must be non-negative. If the scalar curvature is 
uniformly bounded, then the bisectional curvature is uniformly bounded. Moreover, if we as¬ 
sume that the traceless bisectional curvature operator is non-negative, then the sum of any two 
eigenvalues of the Ricci tensor is non-negative. 

Remark 1.3 The proof that the scalar curvature controls the full bisectional curvature is sophis- 
cated, and somewhat lengthy. In the special case of complex surface, similar estimate is derived 
also in m ■ In an unpublished work of G. Perelman, the scalar curvature is uniformly bounded 
along the Kahler Ricci flow. Combining this with Theorem 1.2, we conclude that the full bisec¬ 
tional curvature is uniformly bounded over the Kahler Ricci flow when the initial metric has 2 
positive traceless bisectional curvature. 

Following Remark 1.3 and a general theorem on the Kahler Ricci flow (c.f. E2, m) we 
arrive the following 
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Corollary 1.4 Along the Kdhler Ricci flow, if the initial metric has 2-positive traceless bisec¬ 
tional curvature operator, then the flow converges by sequence to some Kdhler Ricci Soliton in 
the limit in the sense of Cheeger- Gromov. 

Similar results are also proved by Jacob -Phong m in special case of complex Kahler 
surfaces. 


2 Basic Kahler geometry 

2.1 Setup of notations 

Let X be an n-dimensional compact Kahler manifold. A Kahler metric can be given by its 
Kahler form wonl, In local coordinates z\, ■ ■ ■ ,z n , this uj is of the form 

n 

Y2 Sijd z l A d zP > 0, 


uj = v — 


i,j =1 


where {ggj} is a positive definite Hermitian matrix function. The Kahler condition requires that 
u is a closed positive (l,l)-form. In other words, the following holds 


d d;{k 


and 


dg k i d 9. 


kj 


dzi dz 1 dzi dz i 

The Kahler metric corresponding to uj is given by 


Vi, j,k = 1,2, ■ , n. 


v^l 9 a pdz a ®dzP. 


For simplicity, in the following, we will often denote by uj the corresponding Kahler metric. The 
Kahler class of uj is its cohomology class [w] in H 2 (X, M). By the Hodge theorem, any other 
Kahler metric in the same Kahler class is of the form 


' + ^T£ 


d 2 gj 


i,j =1 


dzJdzJ 


= > 0 


for some real valued function g> on X. The functional space in which we are interested (often 
referred as the space of Kahler potentials) is 

V(X,u j) = {gj | uj v = uj + V—^ddgj > 0 on A'}. 

Given a Kahler metric uj, its volume form is 


1 


UJ 


n\ 


= — (</^I) n det (g=) dz 1 Adz 1 A • • • A dz n A dz 11 . 


Its Christoffel symbols are given by 

l d 9u 


T k 4 = y ki^a and = 

y r)vj ij 


ij 


1=1 


dzi 


E 

i=i 


kl ®9ii 
dzJ 


V i,j,k = 1,2 
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The curvature tensor is 


R - -- d 9ij + V Q pTjdgiq d9pj V i i k l ~ 1 2 • • • n 
ijkl ~ dz*dJ ^ 9 dz k Qzi ’ ’ J ’ ’ ’ ’ 

p,q=l 

We say that u; is of nonnegative bisectional curvature if 

R i]kl vlvlwk w l > 0 

for all non-zero vectors v and w in the holomorphic tangent bundle of X. The bisectional 
curvature and the curvature tensor can be mutually determined. The Ricci curvature of oj is 
locally given by 

d 2 logdet (g. 


% = - 


ikU 


dzidzj 


So its Ricci curvature form is 


Ric(cj) = \f—\ ^2 R ij( u )d zi A dz 3 = — \/—\dd log det (g k j)- 
t;j=l 

It is a real, closed (l,l)-form. Recall that [w] is called a canonical Kahler class if this Ricci form 
is cohomologous to Aw, for some constant A. In our setting, we require A = 1. 

2.2 The Kahler Ricci flow 

Now we assume that the first Chern class c\(X) is positive. The normalized Ricci flow (c.f. m 
and EH) on a Kahler manifold X is of the form 


d 9u 


= Sil~ R il, Vi, j = 1,2,-•• , n. 


dt ^ 13 


( 2 . 1 ) 


If we choose the initial Kahler metric u with c\{X) as its Kahler class. The flow (2.1) preserves 
the Kahler class [uj\. It follows that on the level of Kahler potentials, the Ricci flow becomes 


dip , 

~zrr = log —- + ip- K, 
at u n 


( 2 . 2 ) 


where h w is defined by 


Ric(w) — lo = v/— lddhu, and / (e huJ — l)uj n = 0. 

Jx 

Then the evolution equation for bisectional curvature is 


— R .. - 

dt 13 kl 


^ R iikl R ijpq R qpkl R ipkq R pjql R ilpq R qpkj "V R 


2 [ R iP R pjkl "V R pj R ipkl R kp R ijpl "V R pl R ijkp 


L ijkl ' L ijpq qpkl 

l 


h ijkl 


(2.3) 
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The evolution equation for Ricci curvature and scalar curvature are 


d Rfj 

dt 

dR 

~dt 


^ ‘ T R^jpgRqp RipRpj , 

A R + RfjRfi - /«’. 


(2.4) 

(2.5) 


For direct computations and using the evolved frames,we can obtain the following evolution 
equations for the bisectional curvature: 


dRijki 

dt 


ijkl Rijkl A ^ijmn^nmkl ^imkn^rnjnl A ^ilmn 


ilmn ±L nmkl 


( 2 . 6 ) 


As usual, the flow equation (EH) or (|Z5> is referred as the Kahler Ricci flow on X. It is 
proved by Cao |2J, who followed Yau’s celebrated work US, that the Kahler Ricci flow exists 
globally for any smooth initial Kahler metric. 


3 The traceless bisectional curvature operator 

3.1 Definition and the evolution equations 

In Riemanian geometry , the curvature tensor for Riemannian metric can always be decomposed 
orthogonally into three parts: Rm = W + V + U, where W is the Weyl tensor and V, U are the 
traceless Ricci part and the scalar curvature part respectively. The decomposition for Kahler 
case is slight different. The bisectional curvature tensor can also be decomposed into orthogonal 
parts as well. 

Set 

Sfj = Rij — — = (3-7) 

*“*abed 7 ?abed ~i^ab9cd~^~ ^cd9ab ) — ^2 ^9aided ■ (^‘^) 

As in the Riemanian case, the ”Weyl” part S abc j is also trace free: 

^abed, ^edab i 9 &abed 

As in the previous subsection, under some evolved moving frame, we can rewrite the evolution 
equation for curvature as below 


Proposition 3.1 Along the Kahler Ricci flow the evolution equation related the traceless bisec¬ 
tional curvature operator are as follows: 


dR 

~dt 

dS al 

dt 

dSgbcd 

dt 


AR-R + -R 2 + S a pS/3c 


A'S'aft + ~{R - n)S ab + S^Sji 


AC - C _ _ I C __ C _ _ _ i _ C _ _ C ___ O ^ C _ _ j _ C - c _ 

^abed u abcd ' u abij u jicd ' u aijd u ibcj u aiej^ibjd ' ^^ab^cd 


(3.9) 

(3.10) 

(3.11) 
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The bisectional curvature operator can be viewed as a symmetric operator on the space of 
real (1,1) forms A 1,1 (X). For any pair of (1,1) forms i], r, the action of the bisectional curvature 
is: 

K(r), t ) = Rfjki Vab T cd S*WV'- 

If we decompose the space A 1,1 (X) into the line consists of the multpile of the Kahler form and 
its orthogonal completementary subspace Aq X (X), then the action of Sq k j preserves Aq ,:l (X). 
Denote the action of Sq k j by S. In some special basis, we will use M to denote the matrix of 
the operator S. We often referred S as the traceless bisectional curvature operator. Moreover, 
there is a nice decomposition formula for the bisectional curvature operator in A 1,1 (X) : 


( R Ric° \ 

^ Ric ot S ) ' 


(3.12) 


If the action of S in Aq 1 (X), is non-negative, then we call the underlying Kahler metric 
has a non-negative traceless bisectional curvature operator. If the action of S in Aq x (X) has 
a property that the sum of any two eigenvalues is non-negative, then we call the underlying 
Kahler metric has a 2-non-negative traceless bisectional curvature operator. 


3.2 Geometric properties of the traceless bisectional curvature operator 

In this subsection, we derive some geometric properties of the traceless bisectional curvature 
operator. First, in any local coordinate, after fixing an frame such that the metric tensor at the 
origin is identity matrix. There is a natural orthonormal basis for Aq x (X) at the origin point 
(here i,j = 1,2, • • • n ): 

{V^ldz i A dz i ,dz i A dz j - dz j A dz\ {dz* A dz j + dz j Adz 1 )}. 


Note that the space of traceless real (1,1) form is spanned by 

{V^l{dz i A dz l - dz j A dz j ), dz l A dz j - dz j A dz \ V z l(^ i A dz j + dz j A dz { )}. 
For convenience, we use the following spaces in this paper: 

Definition 3.2 : The space Aq^X) is locally spanned by the following elements: 

A ij = dz i A d? - dz j A dz j , 

B* = dz i A dz? + dz j A dzf , 

C ij = -V^l(dz i A dz? - dz j A dt) 

and the space A 1,1 (X) is locally spanned by the following elements: 

a 11 = 2dz i Adz\ 

B= dz 1 A dz + dz J A dz *, 

C ij = (dz* A dz? - dz j A dt), 
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where i,j = 1, 2 ■ ■ ■ n. Our definition differs from the space of the traceless (1,1) form because 
we want the eigenvalues of S to be positive for Fubni-Study metric. 


Proposition 3.3 If the traceless bisectional curvature operator is 2-nonnegative, then the or¬ 
thogonal bisectional curvature is nonnegative. If the traceless bisectional curvature operator is 
nonnegative, then we have the following inequalities: 


E> _ _ _i_ JD _ _ \ OD_ _ \ Q 

an * ■**' jjjj — an — 


njj 


Ru + Rjj V o 


for any i^j. 


Proof .(1) If A is a symmetric matrix and the sum of two lowest eigenvalues of A is nonnegative, 
then An + Ajj > 0. To see this, assume < m 2 < • • • < m n are the eigenvalues of A. then we 
have 

mi + m 2 = inf{A(x,x ) + A(y,y)\\x\ = \y\ = l,x±y} > 0, 

so we have 

An T Oyy — A (e>i , e t ) T A ( ej , ej ) ^ 0 
where {ej} are the standard basis of R". 

(2) Since the matrix of S is the same as the matrix of curvature operator Rm when acting 
on the space Aq 1 (X), so 

R{B ij , B ij ) + R{C ij , C ij ) > 0, 
then simplify the above formula we have 

Rfifj >0, Vi / j. 

(3) If the traceless bisectional curvature operator is nonnegative, Since the matrices of S and 
Rm are the same under the basis of { A ll , B 13 , C y }, then R(A U , A 11 ) > 0 and 

R(A U ,A U ) R(A li ,A V) 

R(A ll ,A l3 ) R(A l3 ,A l3 ) ~ 

So 

R(A l \A u ) + R(A lj ,A lj ) > 2^R{A li ,A li )R{A 1 i,A 1 i) > 2 R{A u ,A lj ). 

Then we have 

R{A ij ,A ij ) = R{A li , A u ) + R(A lj ,A lj ) - 2 R{A u ,A lj ) > 0. 
i.e. R(A l \ A 13 ) = R^i + Rjjjj — 2 Rfifj > 0. Thus 

R-ii T Rjj Riiii V ^ ^ Raaii V Rjjjj T ^ 

— ^ Riijj A ^ ^ Raaii V” ^ 

a^i 

:: 0 . 


where i j. This finishes the proof of the proposition. 



4 Proof of Theorem 1.2 


We follow notations in the previous section. Note that proposition 3.3 already show the first 
and last parts of Theorem 1.2. We need a technical lemma first. 

Lemma 4.1 If M is a symmetric mx m matrix and satisfies 

(1) Y,i M ij = °> ( V1 < 3 < m); 

(2) Mij + M( i+1 )(j +1 ) — = 0, (VI 

then M = 0 . 

Proof .From (1), we know 

2 Mii + 2 

i i<j 

And from (2),we have My + M^i — Mu — Mj = 0. 
have 

(n - 1) Y, M a ~ 2 

i 

Thus from dim and 631 we have 

Y, Mu = 0,^2 Mij = 0. (4.15) 

i i<j 

From (14.151) and My = Mu + My — Mu, we have <i<j(Mu + My — Mu) = 0. Thus 

(m —2)^M 1 ,- (m - 1)(m - 2) M 11 =0. 

i> 1 

Since Mu + Mu = 0, we have Mu = 0 if m > 3. Now My = M^ + My, from (1) we have 

0 = £ Mij = J2(Mu + My) = mMu + ^ My = mMu- 
j j j 

So M\i = 0, then My = 0. We can easily verify that the lemma still holds when m = 2. This 
finishes the proof of the lemma. 

Now we are ready to give a proof of Theorem 1.2. 

Proof . We divide the proof into three parts. 

(1) In this part, we want to prove that the trace of S is bounded by the scalar curvature. 
If the traceless bisectional curvature operator is nonnegative, the proof is easy. In this case, 
Proposition 3.3 implies that 


<i,j <m - 1); 

My = 0. (4.13) 

So Mu + Mjj — 2 My = 0(Vz < j). Then we 
Y J Mij = 0. (4.14) 

i<j 


^iiii 4 ” — 2 j j — Vz / j. 


■njj 


(4.16) 
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Let M be the matrix expression of S acting on Aq’ 1 (X) with respect to the basis (c.f. Definition 
3.2). The trace of M is 

tr(M) = Y R{A lj ,A lj ) + Y( R ( Bij , Bij ) + R ( cij , cij )) 

2<j<n i<j 

~ (Rim + R jjjj — 2-Rii jj) + 4 R ajj 

2<j<n i<j 

= R + (n — 2)i? 1 j 1 j + 2 Y / R iify (4-17) 


From (14. 101) (14. 171). when n > 4 

2 <i<j 

tr(M) < 

R + (n 2)R 1 i 1 j + ^ 2 R^j 

2<i<j 

< 

R + (n - 2) yy RfcSfcfc 

l<fc<n 

< 

(n — 1)R. 


We can easily check that the above inequality still holds when n = 2,3. In other words, the 
trace of S can be bounded by the scalar curvature. 


If the traceless bisectional curvature operator is 2-nonnegative, we need to bound -Rim and 
Rfijj from (14.171) . Choose the basis {A 1 ^, B l i, C 1 ^} of the space Aq 1 (X) as in Subsection 3.2. 
Then 

R(A U , A u ) + R(A lj , A lj ) > 0, 


i.e., 


1 


1 


R llii 4~ Rl 1 in A Rl 111 T r^R'iiii 4~ R i'i i i . 


i ijj — '“■ini 1 2"' nn ' 2“- mr 
Similarly, if we choose the basis {A kj ,B^,C lJ }, we have 


Consequently, 


Therefore, 


1 


1 


R iijj 4” R iikk — R iiii 4" 9 R jjjj 4” l^ R kkkki 

R jjii 4" R jjkk — R jjjj 4“ 2 R iiii 4“ ~^ R kkkki 

R kkii 4” R kkjj — R kkkk 4” ~iy R jjjj 4“ ~^ R iiii- 


R kkll — Yj R ‘ 


kkkk * 


k<l 


R — % R kkkk 4" 2 y Rkkll ^ ^ ^ Rkkkk ^ 3R. 

A' /c<£ k 

The last inequality follows from R fc ^- > 0 (V/c / Z). Consequently, 

R 


< 


yy — -R- 


(4.18) 
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Since all the orthogonal bisectional curvature is nonnegative, all of them are uniformly bounded 
by the scalar curvature. Let us assume that the holomorphic sectional curvature satisfies the 
following inequality 

Rllll ^ -^2222 — ' ' ' — Rnnnn- 
We claim that -R 3333 > 0. To see this, if .R 3333 < 0, then 

Rim < R 2222 < 0. 


Consequently, we have 

Mu = Rllll + R-2222 ~ 2Rll22 < - 

M‘22 = -Rim + R3333 — 2i?!i33 < 0. 

Thus, Mu + M 22 < 0, which is a contradiction! Consequently, we have 


-R 3333 > 0 - 

We want to again devide into three cases for discussions. 

Case 1. If -Riiii > 0, then 

0 < Rim < ^2 ^kkkk - R- 

k 

Case 2. If Rini < R 2222 < 0. Since M is 2 -nonnegative and from Km . we have 


Thus 


Therefore, 


2-Rim + R 2222 + R 3333 ^ 
2R2222 + Run + R3333 > 0 - 


I-Rllll I + I-R2222I ^ 7^3333’ 


-R > R3333 — (I-Rlllll + IR 2222 I) > 7^3333- 


Moreover, from M\\ + M 22 > 0, We have 


Mu — Rim + R 2222 ~~ 2 i?n 22 < 0, 
M 22 = Rllll + R 3333 — 2 i?!i 33 > 0. 


Consequently, 


2Rllll + R3333 ^ 2i? lm + R-2222 + R3333 ^ 2(i? 1122 + R 1133 ) — 0- 


Thus, 


I Rllll I ^ q R3333 - 


Combining inequalities (TTT!Ill and Km . we have 

\R \< R 

'Rim' - e- 


(4.19) 


(4.20) 

(4.21) 
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CcLSG 3. If R\\\\ 0 ^ -^2222 > if J\d\\ — -^1111 ~f~ -^2222 — ^^1122 — ^5 tllGIl 


1-^11111 — -^ 2222 - 

From the proof of case 2, we know < C(n)R. If Mu < 0, then M 22 > 0. So we have 

l-^lllll ^ -^3333- 

Thus, we can bound |-Riiii | by the scalar curvature in this case. 

In summary, we can always bound tr(M) by the scalar curvature R if the bisectional curva¬ 
ture is 2-nonnegative. 

(2) In this part, we want to prove that every S^T can be uniquely represented by the entries 
of the matrix M. This is equivalent to say that S = 0 if M = 0. Assume M = 0. 

(Calculate S^, S^jj) Assume Tj = Sf^j , T = (Tij). We want to find T from M. Note that 

Tij + Tki — Tn ~ Tkj = S(dz l A dz 1 — dz k A dz k ,dz 4 A dz? — dz l A dz 1 ) 

= S(A lk - A U ,A 11 - A lj ) 

= 0 

since S(A lk , A 11 ) = 0. Thus, the following equations hold: 

Tij + T(j +1 ) (j+1 ) - Tj( J+1 ) - = 0 

^Tij = 0, Vj = 1, 2 • • • n 

i 

From Lemma 4.1, we have T = 0, i.e. 


Sun ~ Snjj — 0. (4.22) 

(Calculate other Sq k j) Since dz 1 A dz J = \(B l i + \J— lC**- 7 ), we have 

S f j fj = m^j)- (4-23) 

From S(B^,B ik ) = 0,5(C^',C ifc ) = 0 and S(B^,C ik ) = 0 ,S(C^,B ik ) = 0, where i ± j,j + 
k, k + i, we have S fjik + Sf lki = 0, S fjik = Sf lki , Consequently, 

Sfjik = Sjiki = 0- (4.24) 

From S(A^,B kl ) = 0, 5(A* J , C kl ) = 0, where i ^ j,k ^ l, we have Sf lk i = Sjj k j. Since 
E* s fikl = 0, we have 

Sm = 0. (4.25) 

Let l = i, we have 

Sum = 0. (4.26) 

From (14.241) and S(A l i, B^) + y/— 15(A* J , C ,,J ) = 0 where i / j, we have 

Siiii = S j3i j = 0. (4.27) 
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(4.28) 


From S(B lJ , B 1] ) = 0 where i ^ j, we have 


q - - — n 

IJJl 


From (14.281) and S(B l i , B kl ) = 0 where i 7 ^ j.j 7 ^ k,k 7 ^ l,l 7 ^ i, we have 

^ijkl 0 - 


(4.29) 


From dPl - gm we know 

SfjkT = 0 . 

(3) Finally we prove that the bisectional curvature is bounded by the scalar curvature. Let 
mi < 7772 < • • • < m s (s = n 2 — 1) be the eigenvalues of the matrix M. If M is positive, then all 
the eigenvalues can be bounded by the scalar curvature. Otherwise since M is 2-positive, the 
eigenvalues must satisfy the following inequalities: 


777-1 < 0 < 7772 < • • • < 777 s , 777l + 7772 > 0. 

Then, 7773 < tr(M ) and |t 77 i| < m2 < m3 < tr(M). In other words, all the eigenvalues can be 
bounded by the scalar curvature. 

Since all the eigenvalues of the matrix M are bounded by R, all of its entries of M are 
also bounded by the scalar curvature function. From (2), every Sq k j is bounded by R, i.e. 
\Si]kl\ < C[n)R. Thus \S k j\ < C(n)R. From the definition of S (c.f. (13.81) , we have 

\ R i]kl\ — C{n)R. 


5 Proof of Theorem 1.1 

In this section ,we are ready to prove Theorem 1.1. Note that in m, the positive curvature 
operator is preserved and in jSj the 2-positive curvature operator is preserved along the Ricci 
flow, one can also see both from D2|- Our proof here is similar to theirs. First recall R. 
Hamilton’s lemma: 

Lemma 5.1 m- Suppose df/dt = A/ + 4>{f). Let s{f ) be a concave function on the bundle 
invariant under parallel translation whose level curves s(f ) < c are preserved by the ODE 
df/dt = </>(/). Then the inequality s(f) < c is preserved by the PDE for any constant c. 
Furthermore if s(f) < c at one point at time t = 0, then s(f) < c everywhere on X for all t > 0. 

Now we begin to prove Theorem 1.1. 

Proof . (1) Define 

[ 0 \ r)ai = 


13 


By calculation we have the following relations: 


[A ij , B ij ] = C ij , [A ij ,B ik ] = V^lC ik , [A ij , B jk } = V^lC kj , 

[B ij , C ij ] = 2 \^AA ij , [B^,C ik ] = -yfA. B^ k , [B^,C jk ] = —/=! B ik , 

[C ij , A**] = 2 V^lB ij , [C ij , A ik } = V^\Bi\ [C ij , A^ k ] = -yfA.B ij , 

[B ij ,B ik ] = V=lC jk ,[C ij ,C ik ] = V^lC jk . 


where i 7^ j. j 7^ k, k 7^ i, and other Lie brackets are zero. Note that all C^ L are zeros or pure 
imaginary numbers. 


Q _ -Q 


amnd u mbcn 


SamcnSjnbnd 

M a0 M l5 r a ^ mi (^ S cn ~ 

M a0 M l5 ^nf m l c5 A P cd 


Define 


then we have 


and 


M* = C^C$ 5 M ap M l5 , 

^amnd^mbcn ^amcn^rn bnd ^qp^ab^cd 


= -M + M 2 - -M* + -T. 
ot. 2 n 


(4.1) 


(4.2) 


Now we have the following lemma: 

Lemma 5.2 If all Cq 7 are real and M > 0 ; then M# > 0. 

Proof . Without loss of generality, we may choose a basis {4> a } which diagonalizes M, so that 
M q /3 = 8 a pM aa . For any v = v a (f> a , we have 

M*{v,v) = {v tt C”){vPcfg)M 6b M ij = (v a C™) 2 M aa M u > 0. 

The lemma is then proved. 

Now we return to the proof of Theorem 1.1 again. Since in our case all C^ L are zero or pure 
imaginary numbers, then M# < 0 if M > 0. Since T is always non-negative, we have 

A- = -M + M 2 - -M* + -T > 0. 
dt 2 n ~ 

when M = 0. Note that M > 0 is convex and M( 0) > 0, we have M(t) > 0 for all t > 0. In 
other words, the nonnegative traceless bisectional curvature operator is preserved. From Lemma 
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5.1, if M is positive at one point at time t = 0, then M is positive everywhere for all time t > 0. 


(2) We want to prove that the 2-nonnegative traceless bisectional curvature operator is 
preserved along the Kahler Ricci flow. Let us assume that the eigenvalues of the traceless 
bisectional curvature operator on Aq 1 (A") are Ai < A 2 < •••A m , where m = n 2 — 1. From 
(4.1)(4.2), we have 


^(Al + A2) >^(Mh+M22) 

> —(Ai + A 2 ) + (A? + A|) - \ Sp i g((C'i 9 ) 2 + (C% q ) 2 )\ p \ q . 


(4.3). 


Note that the right side 

i£((cr> 2 +(cn 2 )v, = E(«d 2 + (c??) w 

p,q p<q 

= ^(C'j“ g ) 2 (Ai + A2)A g + ^ ((Cf g ) 2 + (Cf^Q^ApAq. 

q> 3 p,</> 3 


Note that X m > ■ ■ ■ > A 2 > 0. If Ai + A 2 = 0, then the right side of (4.3) is nonnegative. 
Since Ai + A 2 is a concave function on X , Ai + A 2 > 0 is preserved. From Lemma 5.1, if 
Ai + A 2 > 0 is positive at one point at time t = 0, then Ai + A 2 > 0 is positive everywhere for 
all time t > 0. 


(3) Now we prove the last part of Theorem 1.1. If the traceless bisectional curvature positive 
is non-negative or 2-non-negative, Theorem 1.2, implies that 


Rfijj > 0, Vi ^ j. 

Let us assume initially the Ricci curvature is positive and after finite time to > 0, at some point 
p € X Rfj vanishes at least at one direction. For convenience, set this direction as and 
diagonalize the Ricci curvature at this point. Then 

op _ 

qi l*o — RiijjRj] ~ -^ 11-^11 = R\\fjRfj — 0 . 

3 =2 

By Hamilton’s maximum principle for tensors, this is enough to show that the positivity of Ricci 
curvature is preserved under the condition. 


6 Proof of Corollary 1.4 

We only need to prove the Kahler Ricci flow convergence by sequences to some Kahler Ricci 
soliton when the bisectional curvature is uniformly bounded from Theorem 1.2. In JTJ, She 
proved that r-flow converges by sequence to some Ricci soliton when the curvature operator and 
the diameter are uniformly bounded. In m , she proved that the Kahler Ricci flow converges by 
sequence to some Kahler Ricci soliton except a set of isolated points on any complex compact 
Kahler surface without any curvature assumptions. First let us recall Perelman’s no local 
collapsing theorem: 
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Definition 6.1 PH. Let fjij(t) be a smooth solution to the Ricci flow (gij)t on [0,T) on a 
Riemannian manifold X of dimension n. We say that gij{t) is locally collapsing at T, if there 
is a sequence of times t k —> T and a sequence of metric balls B k = B k (p k ,r k ) ot times t k , such 
that if- is bounded, \Rm\(gij)(t k ) < rf 2 in B k and Vol !fn k ^ > 0. 

^ ' k 

Lemma 6.2 .El- If X is closed and T < oo, then gij{t) is not locally collapsing at T. 

Now we begin to prove Corollary 1.4. 

Proof . We divide the proof into two parts. 

(1) First we are ready to prove that the injectivity radii have a uniformly positive lower bound 
along the Kahler Ricci flow. If the traceless bisectional curvature operator is 2-nonnegative and 
the scalar curvature is bounded along the flow, Theorem 1.2 implies that the curvature tensor 
is uniformly bounded. 

Claim 6.3 The injectivity radius has a uniformly positive lower bound along the flow. 

Proof. Let (X,gX) be the Kahler Ricci flow. Fix T > 0. Now we re-scale the metric 

m 

9i](s) = (T — s)g i j(— log( )) 7 s e [°> T )' ( 6 - 30 ) 

Then, gfj{s) is a solution with finite maximal existence interval to the unnormalized Kahler 
Ricci flow -iff- = —Rfy Lemma 6.2 implies that (X,gfj(s)) is not locally collapsing. In other 
words, for any sequence of times —> T, any sequence of metric balls B *. = Bk(xk,rk) at times 
Sfc, such that f- is bounded and | Rm\(gij)(sk) < rfl in B there exists a constant 5 > 0 such 
that 


Vol{B k ) 

n 

'k 


(6.31) 


Since \Rm\{gfj{t )) is uniformly bounded along the Kahler Ricci flow, for the un-normalized 
flow, we have 

\ Rm \(9fj(s)) < 


We claim that there exists a constant e > 0 such that inj(g(s)) > \JT — s e. We prove this by 
contradiction. If there exist a sequence of times s k —> T, such that 


inj{g(s k )) _^ n 
V T - Sk 


We re-scale the metric 


Let r\ = T — s k , then 


h(s k ) = — - g{s k ). 

T - s k 

\Rm\(h(s k )) < C, inj(h(s k )) 0. 


(6.32) 
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From (IOT1) . we have 


Vol(B h ( Sk) {x k , 1)) > 6. (6.33) 

Then, (16.321) (16.3311 contradict with J.Cheeger’s injectivity radius estimate (c.f.d). Thus, we 
have inj(g(s )) > \/T — s e. Together with (16.301) . we have 

inj{g(t)) > e > 0. 

Claim 6.4 The diameter has a uniformly upper bound along the flow. 

Proof. To see this, we assume that there are N points pi,P 2 , ■■■Pn such that 

dist g (t){pi,Pj ) > 2e, VI <i^j<N 

where e > 0 is the uniformly lower bound on the injectivity radius from Claim 6.3. Hence, the 
balls B g ^(pi, e) are embedded and pairwisely disjoint. Since the curvature operator is uniformly 
bounded and from the volume comparison theorem, 

N 

V>Y^VolfB g{t) (p u e))>NCe 2n . 

i =1 

Since the volume V is fixed along the flow, N is bounded from above. Consequently the diam¬ 
eter has a uniformly upper bound along the flow. 

(2) Now we return to the proof of Corollary 1.4. Since we have uniformly bounds on cur¬ 
vature tensor and uniformly lower bound on the injectivity radius, by Hamilton’s compactness 
theorem, for every t k —► oo as k — > oo, there exists a subsequence such that (. X,g(t k + t)) 
converges to (X,h(t)), in the sense that there exist diffeomorphisms fa : X —> X, such that 
<p*g(t k + t) converge uniformly together with their covariant derivatives to metrics h(t) on any 
compact subsets. For every sequence of times tk —> oo, there exists a subsequence, such that 
the ( X,g(tk + 1)) converges to a Kahler Ricci soliton as k —»• oo. Now we outline that process 
(c.f. EUE2). 

Corresponding to the Kahler Ricci flow, Perelman’s functional: 

W(g, /, h = (27r)-" / (| V/| 2 + R + f - 2n)e~UV g . 

1 Jx 

One can show that g(g, |) = mi{W{g, f, |)|/ satisfies f x (27r) _n e - ^ = 1} can be achieved by a 
smooth function f(t ) such that gig, = W(g, /, |). Moreover, 

2A/ — |V/| 2 + R + / — 2n = g(g, ^). 

Then, we have the following results: 

(i) lim woo g(gi, |) = g(h, |), so that lim^oo g(gi, i) is finite; 

(ii) If p,(g k , \) = W ( g , f k , \) and g{h, \) = W(h, /, |), then f k ->f in C 2 ’° norm; 
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(iii) For any t, we can find ft such that / i(g(t ), = W(g(t), ft, \). If we flow f t backward, we 

will get a function ft.(s). Let ut = e~-’ t . Then, ut(s) satisfies the following equation 

f = -A u t (s) + (n - R)ut(s) 

\ u t (t) = e~ ft 

Then, for every A > 0, there exist a uniformly constant C depending on A, such that 
|rtt(s)| C 72 ,c. < C for every t> A,s £ [t — A,t\. 


Now in our case, fix A > 0 and assume gq — Rf- = did-jU 


ij 


3 


n(g(U + A), i) - n(g(U), i) > W(g(ti + A), f u+A , -) - W(g(U), ft i+ A{U), -) 

rA 


= (2tt) 


\W(f u+ A ~ «)| (U + s)dV g(ti+s) . 


From (i), we have lim^oo \VV (f^+A — u)\(ti + s) = 0 for all most i£l and s G [0, A], Since 
curvature is bounded, u(t* + s) u(s) in C 2,a norm for any s G [0, A]. From (iii) we can assume 
u ti +A(ti + s) —* «i(s). So we have 

VV(/— u) = 0, 

where u\ = . Then, u(s) = f(s ) since both of them satisfy the same integral condition 


L 


e~hv s = / e~ a dV s = (2vr) r 


ix 


Since f,u satisfy the following equations 


| -/(s) = —A/ + |V/| 2 — R + n, 


d_ 

ds 


u(s ) = A u + u + a(s), 


A u = n — R, 

we have 

Au — |Vu| 2 + u = —a(s). 

Thus a(s) = —(27t) _ n / Y ue~ u dV s . Then, we can show that a(s) is a constant. Note that 


2 ) = ( 2n ) 


/x 


(|Vu| 2 — An + u — n)e u dV g ^ = —a(t) — n 


Since there exists a finite lim^oo /j,(g(t), |), then g,(h(t), 1/2) = n(h(s), 1/2) for all s,f £ [0,A]. 
Therefore, a(t) is a constant. Note that 

^ (u + a)dV h (t) = - [ | VVu\ 2 dV h (t) 


dt 


'x 


IX 


and 


d 


— I udV h (t) = I (|Vu| +uAu)dV h( t) = 0 


lx 


ix 


Consequently we have VVu = 0. Then, h(t) is a Kahler Ricci soliton for t G [0, A]. Taking an 
monotone increasing sequence Aj —> 00 , we can obtain functions ua 3 (t) for t G [0, Af. Then, 
we can show that UAj = u Ak in [0, Af\ for j < k. Thus we get a soliton for all time t > 0. 
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